Criteria for strict monotonicity, upper (lower) locally uniform monotonicity and uniform monotonicity of Orlicz-Sobolev spaces with the Luxemburg norm are given. Some applications to best approximation are presented. © 2008 Elsevier Inc. All rights reserved.
The monotonicity properties of lattices have been introduced and studied in the context of their geometric structure [5] . In 1985, M.N. Akcoglu and L. Sucheston [2] showed how the strict and uniform monotonicity were related to ergodic theory. In 1992, W. Kurc [28] observed that the role of monotonicity properties in Banach lattices is similar to the role of rotundity properties in Banach spaces. The relations among rotundity and monotonicity properties in Banach lattices were further studied in [20] . It was noted in [24] that monotonicity properties have close relationships to complex rotundities and their applications. Monotonicity properties have been extensively studied by several authors in specific lattices as Lorentz, Orlicz or Musielak-Orlicz spaces [9, 15, 19, 20, [22] [23] [24] 28, 31, 32] . For instance in [22] , the authors introduced the concept of locally uniform monotonicity and investigated it in Musielak-Orlicz spaces. In [9, 31, 32] monotonicity and monotone coefficients were discussed in function and sequence Orlicz spaces. The criteria for strict and uniform monotonicity in Lorentz spaces were found in [19] .
In this paper we study the monotonicity properties and their applications to approximation theory in OrliczSobolev spaces. Sobolev spaces play very important role in the theory of nonlinear partial differential equations [1] . Their generalizations, Orlicz-Sobolev spaces, have been also used for that purpose (cf. [4, [11] [12] [13] ). Sobolev spaces have been generalized in many different ways, among others to Orlicz-Sobolev or Musielak-Orlicz-Sobolev spaces (cf. [10, 14, [16] [17] [18] ).
It is well known that these properties are applied in approximation theory and in particular they are very useful in estimations of the errors of the approximation [4, 21, 22, 25, 28, 29] . In [25] the authors present some results on the existence of best approximant in subsets A of a Musielak-Orlicz space L Φ which are lattice closed, that is, sup n f n and inf n f n are in A whenever f n ∈ A for every n ∈ N, for any x ∈ L Φ . For Orlicz spaces the same has been done in [29] . The problem of uniqueness of the best approximant (in usual sense) in Sobolev spaces has been considered in [27] .
In this paper we first study some monotonicity properties of Orlicz-Sobolev spaces and then we apply obtained results to the dominated best approximation problems such as the existence, the uniqueness, stability and continuity of the dominated best approximation operator. Let us fix m ∈ N and consider the operator is the usual mixed derivative of ϕ.
The dominated best approximation in Orlicz-Sobolev spaces (W m,A , · m,A ) can be naturally applied when we are interested in solving the partial differential equation
where y ∈ L A is given and we are looking for all solutions x or generalized solutions x 0 ∈ W m,A , that is P x 0 − y m,A = inf x∈W m,A P x − y m,A , of the differential equation ( * ) satisfying some boundary conditions and/or the dominated condition x z, where z is some fixed control function from the Orlicz-Sobolev space W m,A and " " is the partial order defined below.
The lattice approximation in Orlicz-Sobolev spaces investigated here is also related to the constrained interpolation presented for instance in [3, Chapter 10, p. 283] . Lattice approximating of f by elements of K where K f in the sense of the partial order considered in Orlicz-Sobolev spaces below, can be also geometrically interpreted as approximation of f by elements from K with smaller oscillation.
In the first section we introduce basic notions, we agree on terminology and provide some results which we will use further in the paper. In the second section we present criteria for uniform monotonicity, upper (lower) locally uniform monotonicity and strict monotonicity of Orlicz-Sobolev spaces. The third section is devoted to applications to lattice best approximation problems in those spaces. We finish this section with a specific example of the convex set K m ⊂ W m,A for which we apply the approximation theorems presented in this section.
Preliminaries
Let X be a Banach lattice with a lattice norm · and X + be the positive cone of X. We denote by B(X) the unit ball of X, by S(X) the unit sphere of X, and by X * the dual space of X. We start with auxiliary definitions and results. Definition 1.1. (See [2, 5, 20, 28] .) X is said to be uniformly monotone (UM) if for every ε > 0 there exists δ(ε) > 0 such that f + g > 1 + δ(ε) whenever f, g ∈ X + , f = 1 and g ε. [5, 15, 20, 28] .) X is said to be strictly monotone (STM) if f + g > 1 for all f , g ∈ X + with f = 1 and g > 0.
Definition 1.2. (See
Definition 1.3. (See [22, 24] .) X is said to be upper (lower) locally uniformly monotone (ULUM, LLUM) if for any f ∈ X + with f = 1 and any ε > 0 there is δ(f, ε) > 0 such that
Definition 1.4. (See [28] .) X is said to be weakly uniformly monotone (WUM), if for each positive functional f * ∈ X * and all sequences f n , g n ∈ X, f n g n 0 with f n = 1 the condition f n − g n → 1 implies f * (g n ) → 0. Definition 1.5. (See [28] .) X is said to be weakly uniformly monotone in the second sense (CWUM), if for each positive functional f * ∈ S(X * ) and all sequences f n , g n ∈ X, f n g n 0 with f n = 1 the condition
Localization of the latter two properties leads to the concepts of WULUM (WLLUM) and CWULUM (CWLLUM) spaces, respectively. Definition 1.6. (See [22] .) A Banach lattice X is said to have H + property if f − f n → 0 whenever 0 f n f and f n → f weakly.
We say that X has the H + STM property if X has the H + property and X is STM.
The following implications are evident: 
there exists λ > 0, such that ρ A (λu) < ∞} is an Orlicz space [6, 26, 30, 33, 34] 
It is well known [1] that W m,A is a Banach space. Let X be a Banach lattice, f ∈ X and K ⊂ X be a nonempty subset. The best approximation operator (called also the projection of X onto K) is defined as follows:
Let K be a subset of X and f ∈ X. We write f K if f g for all g ∈ K. Similarly f K is defined. For any f ∈ X, a sequence {h n } in K is said to be a minimizing sequence for f if [28] .) Let X be a Banach lattice. The following statements are equivalent: [22] .) For any σ -complete Banach lattice X, the following statements are equivalent:
) X is STM and order continuous.
This paper is devoted to monotonicity properties of Orlicz-Sobolev spaces and their applications to the dominated best approximation problems in the spaces. Other problems such as separability, duality, reflexivity and their comparisons, in Orlicz-Sobolev spaces with parameter, called also Musielak-Orlicz spaces, have been considered by H. Hudzik in [18] . The problems of density of infinitely smooth functions in Orlicz-Sobolev spaces were considered by A. Benkirane and J.P. Gossez in [4] and in Musielak-Orlicz-Sobolev spaces by H. Hudzik in [16] . The problem of embeddings of Orlicz-Sobolev spaces into C m (Ω) was investigated in [17] . Various applications of Orlicz-Sobolev spaces to some boundary value problems in differential equations and optimization problems were studied by J.P. Gossez in [11] [12] [13] .
Monotonicity of Orlicz-Sobolev spaces
In this section, we discuss various monotonicity properties of Orlicz-Sobolev spaces. First, we need some agreement on how to define a partial order in the underlying spaces. Clearly, L A is a Banach lattice in the usual sense, that is, if x, y ∈ L A then x y means that x(t) y(t) for a.e. t ∈ Ω. But for m = 0, the Orlicz-Sobolev space W m,A is obviously not a Banach lattice under the same partial order. We shall define a partial order in this space by the following procedure. Let
Furthermore, define the norm in 0 |α| m L A as
We equip the product 0 |α| m L A with the coordinate partial order, that is, for any
x y iff x α y α for all α with 0 |α| m. By the assumption, we have x + y > x , i.e., X is STM. Necessity. For any x, y ∈ X with 0 y = 0, if x + λy = |x| + λy and |x + λy| > |x| for all λ ∈ (0, 1], then x + y = |x| + y and since |x| + y > |x| and X is STM, we have x + y = |x| + y > x . 2 Theorem 2.1. The following statements are equivalent: 
Proof. The implications (1) ⇒ (2) ⇒ (3) ⇒ (4) are clear. (5) ⇒ (1). Since
For any i ∈ N, let λ i =
2 i+A(u i )
. Then 0 λ i ↓ 0, and
Define now y(t) = δ on Ω and
and define x(t) on E k \ F k in such a way that x(t) 0 a.e., x(t) is infinitely differentiable on Ω, non-decreasing with respect to t 1 , and is constant with respect to t 2 , . . . , t n . Then
which implies that x x + y 1. On the other hand, given any ε > 0 we take i 0 > 2 ε , then by u i > (i + 2)δ, we have for i i 0 ,
Thus we obtain that (1) . If A ∈ Δ 2 and A is strictly convex, then from [6] we know that L A is locally uniformly rotund. Then it is easy to prove that 0 |α| m L A is locally uniformly rotund. So W m,A is locally uniformly rotund. 2
Monotonicity and best approximation
In [22, 28] , the best approximation problem in K for f ∈ X was discussed for the case f − K 0, where f ∈ X and K was a sublattice of X. Instead of those restrictions, we will consider more general case, that is, we only require that K is a convex set and K − f is so-called absolutely direct set.
Let K ⊂ W m,A . We say that K is an absolutely direct set if for any x, y ∈ K there exists z ∈ K such that
for all α with 0 |α| m and for a.e. t ∈ Ω. For any fixed subset K of W m,A , we introduce the set
Now, we turn to the best approximation problem in Orlicz-Sobolev spaces. Let us first agree on the following notation. If x ∈ W m,A , then
But when x = (x α ) 0 α m ∈ 0 |α| m L A and we are not sure that x ∈ W m,A (that is, we do not know that there exists y ∈ W m,A such that P (y) = x), then by x * we mean the symbol defined earlier, that is,
Theorem 3.1 (Uniqueness). The following statements are equivalent:
(1) For any convex subset K of W m,A and any f ∈ D(K) there holds Card( On the other hand, since K is convex, we have
Recalling that 0 |α| m L A being a Banach lattice has the property |u + v|+|u − v| = 2(|u|∨|v|), we get |u − v| = 0, i.e., x = y. This shows that Card(P K (f )) 1. 2 Proof. Necessity. If A does not satisfy Δ 2 -condition, then there exists a nonnegative sequence {u k } ↑ ∞, satisfying
Theorem 3.2 (Existence
. Take γ = inf{t 1 : (t 1 , . . . , t n ) ∈ Ω} and β = sup{t 1 : (t 1 , . . . , t n ) ∈ Ω}. Since λ k < 1 2 k for k large enough, we have that ∞ k=1 λ k is convergent. Without loss of generality, we may assume that f j (t 1 , . . . , t n ) be a function obtained by integrating m times the function x j (s) = x j (s 1 , . . . , s n ) with respect to the first variable s 1 over the interval (δ j , t 1 ), that is,
For any α (0 |α| m − 1), since x j (t) is non-decreasing with respect to t 1 , by Proposition 1.1, we have Proof. Necessity follows from the proof of necessity in Theorem 3.2. In fact under the assumption that A does not satisfy the Δ 2 -condition we found a convex absolutely direct set K and a minimizing sequence {f j } which is not Cauchy. 
